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Abstract 



< 

| Classical contact Lie algebras are the fundamental algebraic structures on the 

manifolds of contact elements of configuration spaces in classical mechanics. In this 
paper, we determine the structure of the currently largest known category of contact 
simple Lie algebras introduced earlier by the second author. These algebras are in 
general not finitely-graded. 

> 
OO 

oo 1 Introduction 

o ' 

o, 

A contact element to an n-dimensional smooth manifold at some point is an (n — 1)- 
dimensional hyperplane tangent to the manifold at the point. The set of all contact 
elements of an n-dimensional manifold has a natural smooth manifold structure of dimen- 
sion 2n — 1. Classical contact Lie algebras are the fundamental algebraic structures on 
the manifolds of contact elements of configuration spaces in classical mechanics (cf. [A]). 
Moreover, some contact Lie algebras are generated by certain quadratic conformal alge- 
bras (cf. [X2]). The representations theory of the Lie algebras generated by conformal 
algebras can be viewed as the algebraic entity of two-dimensional quantum field theory 
(cf. [K3]). 

A Poisson algebra is a vector space A with two algebraic operations ■ and [•, •] such 
that (*4, ■) forms a commutative associative algebra, (A, [•,•]) forms a Lie algebra and the 
following compatibility condition holds: 

[u,v • w] — [u,v] ■ w + v ■ [u, w] for u,v,w 6 A. (1.1) 
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Denote by Z the ring of integers. A (generalized) contact Lie algebra is a Lie algebra 
structure on a commutative associative algebra (A, •) whose Lie bracket is of the form 



[u,v] = [u,v]o + {2-d)(u)do(v)-d (u){2-d)(v) 



for u, v G A, 



(1.2) 



where (A, •, [•, -]o) forms a Poisson algebra, d and do are mutually commutative derivations 
of (A, •) such that 



d([u,v] ) = [d(u),v] + [u,d(v)] -2[u,v] , d ([u,v] ) = [d (u),v] + [u,d (v)] (1.3) 



for u,v E A. For a contact Lie algebra structure on a commutative associative algebra 
(A, •), we define 



Then the following equation holds: 

P u . v (w 1 ,w 2 ) — u ■ P v (w 1 ,w 2 ) +v ■ P u (w 1 ,w 2 ) for u, v, Wi, w 2 G A. (1.5) 

The supersymmetric version of the above equation is the main axiom of weak Frobenius 
manifold (cf. [HM]). Frobenius manifold was introduced by Dubrovin [D] , in connection 
with topological field theories. In this paper, we determine the isomorphism classes of the 
currently largest known category of contact simple Lie algebras introduced by the second 
author [XI]. 

A Lie algebra G is called finitely- graded if G = ® oer Q a is a T-graded vector space for 
some abelian group T such that 



Finitely-graded contact simple Lie algebras have been studied by Kac [Kl], [K2], Osborn 
[O], and Osborn and Zhao [OZ]. The most important feature of the contact simple Lie 
algebras constructed in [XI] is that they are in general not finitely-graded. Below, we 
shall give a more technical introduction. 

Throughout this paper, we denote by F a field with characteristic 0. All the vector 
spaces (algebras) are assumed over F. Moreover, we denote by N the additive semi- 
group of nonnegative integers. When the context is clear, we shall omit the symbol for 
associative algebraic operation in a product. For m, n G N, we shall use the following 
notation of indices 



P u (v, w) — [u,v • w] — [u,v] • w — v • [u, w] 



for u,v,w G A. 



(1.4) 



dim Q a < oo, [GocGp] C G a +p for a, (3 G T. 



(1.6) 




(1.7) 
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Let A = ¥[ti,t 2 , ...,t n ] be the algebra of polynomials in n variables. Recall that a 
derivation d of A is a linear transformation of A such that 

d(uv) — d(u)v + ud(v) for u, v E A. (1.8) 

The typical derivations are {d tl , d t2 , d tn }, the operators of taking partial derivatives. 
The space Der A of all the derivations of A forms a Lie algebra with respect to the com- 
mutator. Identifying the elements of A with their corresponding multiplication operators, 
we have 

n 

DerA = J2 Ad tv (1-9) 

i=i 

which forms a simple Lie algebra. The Lie algebra Der A is called a Witt algebra of rank 
n, usually denoted as W(n, F). The Lie algebra W(n, F) acts on the Grassmann algebra 
A of differential forms on A as follows. 

d(df) = d(d(f)), d(to A u) = d(co) A v + u A 8{y) (1.10) 

for / G A, uj,u G A, d G W(n, ¥). Assume that n = 2k + 1 is an odd integer. We let 

k 

K{2k + 1, F) = {d G W(ra, F) | <9(dt 2fc+1 + EM**-h - t k+i dU) 

i=i 

fe 

G „4(cft 2 fc+i + y^(tidt fc+ j - t k+i dti)}. (1-11) 
i=i 

The subspace /C(2/c + 1,F) forms a simple Lie subalgebra , which is called a classical 
contact Lie algebra. 

To see that the Lie algebra )C(2k + 1,F) is isomorphic to a Lie algebra with the Lie 
bracket of the form (1.2), we set 

e(i) = 1, e(j) = -1, i = h + i, j = j - h for i G M, j ek + 1,2k. (1.12) 

Moreover, we define 

2fe 2fe 

i=l i=l 

for / G A. Then the map Dx '■ f — > Dk{f) is a linear isomorphism from ^4 to K,(2k + 1, F) 
(e.g., cf. [SF]). Furthermore, we define 

2fc 

[/,<?]o = E^R(iW<?) for f,g£A (1.14) 

i=l 
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and 

2k 

d = J2^d u , d = d tn . (1.15) 
i=i 

It can be verified that 

[D K (f), D K (g)] = D K ([f, g] + (2 - d)(f)d (g) - d (f)(2 - d)(g)) (1.16) 

for f,g e A (e.g., cf. [SF]). Thus the Lie bracket of JC(2k + 1, F) is essentially of the form 
(1.2). 

Define the grading 

2k 

(K{2k + l,F)) m = Span {D K (t[% 2 ■ • •<") | U e N, 2i n + ^ U = m + 2} (1.17) 

i=i 

for -2 < m 6 Z. Then /C(2/c + 1, F) is a finitely-graded Lie algebra. 

The contact Lie algebras constructed in [XI] are as follows. Let A be a commutative 
associative algebra with an identity element and let {<9 ,<9i, ...,9 2 fe} be 2k + 1 mutually 
commutative derivations of A, where k is a positive integer. Pick any elements 

{fo,6,6,-,&}c.A (1.18) 

such that 

9,(6) = fc+itfo) = ft&) = 9,(0) = fc+ite) = (1.19) 



for i, j e 1, k, i 7^ j. We define an algebraic operation [•, -] on A by 

k 

hv]o = ^2^i(di(u)d k+i (v) - d k+i (u)di(v)) for u,v e A. (1.20) 



\u, , 

i=i 



Then (^4, •, [•, -]o) forms a Poisson algebra. Take a derivation <9 of A such that the first 
equation in (1.3) holds and 

dd = d d, 0(6,) = 0. (1.21) 
The Lie bracket of the contact Lie algebra in [XI] is defined as 

[u,v} = [u,v] + ^[(2-d)(u)do(v)-d (u)(2-d)(v)] for u,v e A, (1.22) 

which is of the form (1.2) if we replace £o<9o by do. 

A linear transformation T on a vector space V is called locally -finite if 

dim(Span {T m {u) \ m e N}) < oo for u e V. (1.23) 



In [XI], the second author proved that the Lie algebra A with Lie bracket (1.22) is simple 
when A is a certain semigroup algebra, & for i E 0,k are invertible, dj for j e 0, 2/c 
are locally-finite, (9 is diagonalizable and some other distinguishable conditions among 
{d, dj | j G 0, 2A;} hold. We refer to [SXZ] for the classification of derivation-simple 
algebras when the derivations are locally-finite. The Lie algebra (A, [•,•]) is in general not 
finitely-graded. The contact simple Lie algebras studied in [Kl], [O] and [OZ] are special 
finitely-graded cases of those in [XI] 

In Section 2, we shall rewrite the presentations of contact simple Lie algebras given in 
[XI] up to certain relatively obvious isomorphisms, which we call normalized forms. In 
Section 3, we shall present five lemmas that will be used in the proof of the main theorem 
on the isomorphism classes of the normalized contact simple Lie algebras. Section 4 is 
devoted to the presentation of the main theorem and its proof. 

2 Normalized form of contact Lie algebras 

In this section, we shall present the normalized form of contact simple Lie algebras intro- 
duced in [XI]. 

Let 

6 

£= (e u ...,£ 6 ) G N 6 such that ^£ p >0. (2.1) 

P =i 

Denote 

ii = ei+e 2 + -+ti for i = 1,2,..., 6, (2.2) 

and define 6 index sets 

Ii = ii-i + l,ii for i = 1,2, ...,6, (2.3) 
where we treat t_i = 0. Denote by ijj the union from the ith index set to the jth index: 

kj = U k = ^-i + X > T i for 1 < i < j < 6. (2.4) 

i<P<j 

Set 

/ = J 1)6 = T^, J = T^T 6 . (2.5) 

Moreover, we denote 

K = {0} U K for K C J. (2.6) 
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Define the map : J — > J to be the index shifting of l 6 steps in J, i.e., 



p = 



p + l 6 if pe l,t6, 



p- t 6 if p G t 6 + l,2i 6 . 
We also define = for convenience. For any subset K of J, we denote 



(2.7) 



Thus J = IUI. Set 



X = {p|p G X}. 



(2.8) 



(2.9) 



An element of the vector space F 1+2 '' 6 is denoted as 

a = (a , ai, otj, a L6 , a T(i ) with a p G F for all p G J. (2-10) 
For a G F 1+2t6 and K C J, we denote by a K the vector obtained from a with support K, 



i.e., 



a K = (P ,p 1 ,/3 T , ...,/3 t6 ,/3- l6 ) with /3 p = if p K and /3 P = a p if p G K. (2.11) 



Moreover, we denote 



a[p] = (0, 0, a, 0, 0) for a G F. 



(2-12) 



When the context is clear, we also use the notation olk to denote the element in F'^' 
obtained from the element a in F 1+2t6 by deleting the coordinates at p G 0, 2l q \ K; for 
instance, «{i,2} = (ati,^)- 



a p = a T = < 



Take 

or 1 [0 ] if p = 0, 

-1[p] ~ if P e A,3, 
-l [p ] if p G J 4)5 , 

if p G 1%. 

Let T be an additive subgroup of F 1+2t6 such that 

rc{aGF 1+2 ^|a /6u746 = 0}, 
{a p ] p G 1} C T and F1 M n T ^ {0} for p G Ji, 3 , 



(2-13) 



and 



Moreover, we define 



Fi [0] nr^{o} if r ^{o}. 



T p = {a p I (a , ai, a T , a L(i ) G T}. 



(2.14) 
(2.15) 

(2.16) 

(2.17) 



Take 

Jo = {0} or N such that J + T ^ {0}, (2.18) 

^^{ieN^li^uT^O}, (2.19) 

and set 

J = (Jo,Ji)cN 1+2t °, (2.20) 
an additive subsemigroup. An element of J is denoted as 

i = (i ,i) = (i )[oj + i, with i G Jo,i e Ji- (2.21) 

Let ^4 be the semigroup algebra F[r x J] with a basis GTx J} and the 
multiplication • defined by 

x a,i . x pj = x *+l3,i+3 for ( Qj ^ (/3,J) e rxJ. (2.22) 

Then (A, •) forms a commutative associative algebra with 1 = rr 0,0 as the identity element. 
For convenience, we often denote 

x a = a;"- , t = x°'\ t p = t 1 ^ for a G T, ie J, p G J. (2.23) 

In particular, 

t ? =JJfj\ (2.24) 

Define the derivations {d p , d*, d tp \ p G J} by 

^ = 9 p * + d tp and <9;(:r a ' ? ) = a p x Q ' ? , d tp (x a >*) = i p x a ^, (2.25) 

for p G J, (a, i) G T x J", where we adopt the convention that if a notion is not defined but 
technically appears in an expression, we always treat it as zero; for instance, a;"' -1 ! 1 ! = 
for any a G T. In particular, 

d* p = 0, d tq = for p G h U 7 4 , 6 , 9 G Ji, 2 U h U 7i, (2.26) 

by (2.14) and (2.19). We call the nonzero derivations d* grading operators, the nonzero 

derivations d tq down-grading operators, and the derivations d* + d tr mixed operators if 
both d* and d tr are not zero. The types of derivation pairs in the order of the groups 
{(dp, dp) | p G Li} for « e 1,6 are 

(g,g), (g,m), (m,m), (g,d), (m,d), (d,d), (2.27) 



7 



where "m" stands for mixed operators, "g" stands for grading operators and "d" stands 
for down-grading operators. 

We denote 

d = E d * + E *A- (2-28) 
Define the following Lie bracket [•, •] on A: 

[u, v} = J2 x^id^dpiv) - dp(u)d p (v))+x ao ((2 - d)(u)d (v) - d (u)(2 - d)(v)), (2.29) 

p£l 

for u,v G A (cf. (2.7)). Then (^4, [•, •]) forms a contact Lie algebra, which is in general not 
finitely-graded. The algebras (A, [•,•]) are the normalized forms of the contact Lie algebras 
constructed in [XI], which were proved to be simple if (r .0, ...,0) C T (cf. (2.17)). 

We denote the Lie algebra (A, [•,•]) by 

IC(£, a, T, J\ where a = ^ a p . (2.30) 

3 Lemmas 

In this section, we shall present five lemmas as the preparation of the proof of the main 
Theorem. 

By (2.14), (2.18), (2.19), (2.25), (2.26) and (2.28), we give a more detailed formula of 
(2.29): 

— # 

+ E^ " J P apK p+a+/3 ' ?+J ~ lw + E ttpjp - ip3p)x av+a+pU] - l[ ^ lm 
+ ((2 - #(a,i))(3 - «o(2 - m j)))x^ +a+ ^ 

+ ((2 - &(a,i))j - *o(2 - ^J)))x^ +a+ ^-^ (3.1) 
for (a,i), G T x J, where 

&(a,T)= E a P + E 1 p for (a, 1) eT x J. (3.2) 

Here is our first lemma. 
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Lemma 3.1. For any Lie algebra K,(£,a,F, J) of contact type with a = 1[ ] ; there 

— * — * — * 

exists a Lie algebra JC(£, a', V, J) with a' = such that JC(£, a, T, J) = K,(£, a', V, J). 
Proof. Define 

T' = {a + ((#(«, 0) + n{\ - 5 jm ))/2)a \ a G V, n G Z}, a' = 0, a' p = a p , pel. (3.3) 

Then we have another Lie algebra IC(£, a', V, J) of contact type. Define a bijective map 
r : T x J -> T' x J' such that 

r(a,i) = (a + (0(a,T)/2 - l)a Q ,i) G V x J 1 for (a,i) G T x J, (3.4) 

— * — * 

and define a linear map : K,(£, a, T, J) — > /C(£, cr', T', J") such that 

0(a;°. 7 ) = for (a, i) G T x J. (3.5) 

Then $(r(a;, i)) = i?(q;, i), and by (3.1), it is straightforward to verify that 9{[x a ' l ) x^^]) = 
[6{\x a ' % ) 1 0(x /3j )] for (a,i), (f3,j) 6 T x J, i.e., is an isomorphism. □ 



The above Lemma tells us that it suffices to consider the contact Lie algebras of the 

— * 

form A = JC(£, a, T, J) with a = 0. In the rest of the paper, we always take 

a = 0. (3.6) 



For any Lie algebra C, the adjoint operator ad u of an element u G C is defined by 

&d u (v) = [u,v] for v G C. (3.7) 

The element u is called ad-locally-finite if ad u is locally-finite (cf. (1.23)). Moreover, it 
is called ad-locally nilpotent if for any v G C, there exists an integer n (depending on v) 
such that 

(ad u )» = 0. (3.8) 

We denote by £ F the set of ad-locally-finite elements in C and by £ N the set of ad-locally- 
nilpotent elements in C. Furthermore, we write 

A = {1- Sr^Sr^oyto^-'^x-^M^u+^lpe h, 3 ,qe J 4)5 ,r G J 6 }, (3.9) 

M = {5r ,{o}, x a ' 1 1 0(a, i) = 2, = 3U j 4 5 = 0, = 0, \/ p G J 6 }, (3.10) 
A 2 = {./•"•'' n 7i . = 6, ; 7; . = 0, (1 - 5 ro , {0} )(^(a,r) - 2) = 0,* < ^{o}}- (3.11) 
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For any i e J, we define the level of i to be 



Ev ( 3 - 12 ) 

peJ 



For any (a,i) 6 T x J, we define the support of (a,i) to be 

supp(o;, i) = {p e J \a p ^ or i p ^ 0}. (3.13) 

Lemma 3.2. fljA UiiCi F C Spared U A 2 ). (2) A t C A N C Span(A 2 ). 

Proof. Note that by (3.1), we have 

[1, x p3 \ = 2(3 x^ + 2j x^~ 1 ^ , (3.14) 

[t , of 3 ] = (2j'o - (2 - #(P,j)))^ 3 if r o = {0}, (3.15) 
( {(3 p -(3 p )x^ for p eh, 

[ x - a >,xP 3 ] = I ((3p - p p )xrt + jpX 133 - 1 ® for p G I 2 , (3.16) 

( (Pp- P p )xP~i - jpX^ 3 - 1 ^ + jjpP*- 1 ® for pG/ 3) 

f (-Pa+h)^ for q eh, 

[x- a ^,x^\ = { q , . ^ ' (3.17) 

I + j?)^' - j,^- 1 !'! for g G J 5 , 

[t 1 w+ 1 M , x? 3 \ = (j Y - Jr)x p3 for T G J 6 . (3.18) 

Thus A C „4 F . If Sr ,{o} = 1, using (3.14) and (3.15), we see that 5r„,{o} G *4. N C -4. F ,t e 
„4 F . Suppose 5r ,{o} 7^ £ -^-i- Then supp(a,?) C 7^6 U 7 6 . Moreover, p supp(a, i) 
if p e supp(a, i). Let x^^ G A By (3.1), we see that [x a ' l ,x^] is either zero or a linear 
combination of the elements x 7 ' fc such that there exists at least a p G (7 6 U -^4,6)\supp(o;, i) 
with A; p < j p . Thus if we set m = 1 + E pe (/ 6 u7 4 , 6 )\sup P (a,i) Jp> then ad™, T (x^') = 0. This 
proves Ai C „4 N C A F . 

Suppose u £ Span(A U A 2 ). Write 

u = E ( 3 - 19 ) 

(a,i)eM 

where 

M = {(a,i)eTxJ\c a ^0} (3.20) 

is a finite set. First assume that (1 — 5r ,{o})('&(a, i) — 2) = for all (a,i) G M . Then 

— * — * — * 

there exist (7, k) G M and p G supp(7, J 6 or p G supp(7, J 6 such that 

p = and (7, fc) 7^ (0, 0) and either 70 7^ or k > 5r ,{0} + 1, or 

p G h,3 and (7, fc) 7^ (-a p , 0) and (7 P , 7 P , k p , k p ) 7^ 0, or (3.21) 

p e h,5 and (7, k) 7^ (-cr p , 1^) and % 7^ 0. 
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Choose a total order on T compatible with group structure of T and define the total order 

— # 

on T x J by the lexicographical order, such that the maximal element (7, k) of M satisfies 
(3.21) for some p G supp(7, k)\J 6 , and that a p > a q for all q 7^ p. This is possible because 
the set of all nonzero a q is F-linearly independent. Say, p G and (7^, 7^) 7^ (the proof 
for other p is similar). Choose f3 = G T\{0} (cf. (2.15)) such that 7 P a + m(7p — 7 P ) 7^ 
for all m G N. Then the "highest" term of ad™^) is x P+ n ~i+ n °i» nk with the coefficient 

n— 1 n— 1 

m=0 m=0 

which implies 

dim(Span{ad"(a; /3 ) | n G N}) = 00. (3.23) 

Thus -u ^ ^4 F . Next assume that there exists (a, i) G M such that (1 — 5 r0j { })(i?(a, i) — 
2) 7^ 0. Then T 7^ {0} and #(a,i) 7^ 2. By making use of the last 4 terms of (3.1), 
we can prove u A F as above. This proves A F C Span(A U A 2 ). Similarly, A N C 
Span(A 2 ). □ 

For any subset S C A, we define 

E(S) = {u e A \ [S,u] c Wu}. (3.24) 
Define a map 7r : T — > F 1+t5 by 

7r(a) = (/i ,/ii,...,/i t5 ) (3.25) 

with 

' 2a ifj9 = 0,r ^{0}, 

#(a,0)-2 ifp = 0,r = {0}, 
ap-ap ifpGii j3 , 
-a p if p G h, 5 , 

(cf. (3.14)-(3.18)). For /i G 7r(r), we define 

= Span{x° G .A 1 7r(a) = //}, (3.27) 

# = £ M = Span{:r Q | a G T}. (3.28) 

M e7r(r) 

Then we have 
Lemma 3.3. 

E{A F ) = [J £ M (flws 5 = Span (£(A F )) J. (3.29) 
^eTr(r) 



(3.26) 
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Proof. We want to prove 

EiAoUA^C [J B„ C f?(Span(A)UAi)). (3.30) 

For any /i G 7r(r), elements in £> M are common eigenvectors of acU by (3.9), (3.14)-(3.18) 
and (3.26)-(3.28), and ad^ x acts trivially on £> M . Since elements in A commute with 
each other, elements in B^ are common eigenvectors of ads pa n(A u J 4i)- Thus U Mg7r (r)i3 M C 
E(Span(A U A±)). Suppose that u = c a ^x a ' % G A is a common eigenvector of A U A\. 
Since ad^ x is locally nilpotent, ad^ acts trivially on u. If (a,i) G Mq with ip- ^ for 
some p G 7^5 U Jq, then we can choose v = x 2<7p G Ai if p G i^s or t> = t 2 w G Ai if p G J@ 
such that [v, x a ' 1 ] ^ and so [v, u] ^ 0. So we must have ij 4 rU j 6 = if c a ? 7^ 0. Similarly, 
since « is a common eigenvector of ad^, we must have by (3.14)-(3.18) that ij 13U j B = 
(thus i — 0) and 7r(o;) = /i for some /x if 7^ 0. This shows that u G £>^. Hence (3.30) 
is proved. Using Lemma 3.2(1), we have 

E(A U A x ) D E(A F ) D £(Span(A U AJ). (3.31) 
This and (3.30) show that all these sets are equal, i.e., we have (3.29). □ 
Lemma 3.4. Denote 

B F = {x~^,x a \p G 7i, 3 , (1 - <5 ro ,{o})(tf(a,0) - 2) = 0,a = a^J, (3.32) 

B N = {x a I (1 - 5 roM )($(a, 0) - 2) = 0, a = a h J. (3.33) 
Then B F = Span(B F ), £ N = Span(B N ). 

Proof. We shall prove that B F = Span(£>p) as the proof that £> N = Span(£> N ) is similar. 
It is straightforward to verify that elements in Bp are ad-locally finite on B and that Bp 
is commutative. Thus Span(£> F ) C B F . Conversely, suppose u G £>\Span(£> F ). Then we 
can write u as in (3.19), where now 

M = {(a, i) G T x J Ii 5 I r = 0, c al + 0} (3.34) 

is finite. Thus we still have (3.21), and the same arguments after (3.21) show that u is 
not ad-locally finite on B. □ 

We also have that the center of B is 

C(B) = Span{:r a I (1 - <Jr 0l{0 })(#(a, 0) - 2) = 0, a = a hs G T} (3.35) 

by (3.1) and (3.28). 
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Lemma 3.5. (1) Assume that T 7^ {0}. For /i G 7r(r), regarding £> M as a B -module, 
we have (i) if //j- = ; the action of Bq on £> M is trivial and (ii) if //j- 7^ 0, i3 M zs a 
cyclic B -module, and the nonzero scalar multiples of x a for all a G T with 7r(a) = /i are 
£/ie on/?/ generators. 

(2) Assume that T = {0} and i 3 7^ 0. We have (i) if fJ>i 13 = 0, the action of Bq on £> M 
is trivial and (ii) if fj, Il 3 7^ ; B^ is a cyclic B -module, and the nonzero scalar multiple 
of x a for all a G T with n(a) = fi are the only generators. 

(3) Assume that T = {0}, l 3 = and £ 4 + £ 5 ^ 0. Then (U aer ¥x a )\{0} is the set of 
the common eigenvectors of A F in B. 

Proof Note that in B, we have 

[x a , x p \ = ( a PPv ~ a ¥ f3 p )x°v +a+ P + ((2 - 0(a, 0))(3 - a (2 - 0(/3, 0)))a: a+/3 (3.36) 
pe/1,3 

for a,0 G T by (3.1). 

(1) Assume that T 7^ {0}. One can easily verify that 

7r(op + « + /?) = 7r(a) + 7r(/3) for p G T h3 (3.37) 

by (3.25)-(3.26). From (3.36) we see that x a commutes with x@ if ir(a) = and {it {(3))^ = 
(cf. (3.25)-(3.26)). Thus if //y = 0, then the adjoint action of Bq on B^ is trivial. 
Assume that u = J2/3eM c P x/3 e w hh /i^ g 7^ 0, where M = {/3 G T 1 7r(/5) = //, eg 7^ 
0}. By (3.36), one can verify that 

[a; a , u ] = ( a p fi p x ap+a + (1 - ??(a, 0)/2)/x o x Q )w if ir{a) = 0, (3.38) 

where by (3.25)-(3.26), the coefficient (1 — "&(a, 0)/2)/j comes from 

(2 - 0))A> - «o(2 - 0)) = (2 - 0))(3 = (1 - 0)/2)/x . (3.39) 

Thus 

U = Sptm{x ap+a u = c^x ap+a+l3 I a G ker,, p G Ji, 3 } (3.40) 

/3eM 

is a £>o-sub module of £> M . 

Let (u) denote the cyclic submodule of B^ generated by u. Then (u) C C/. If the 
size I Mo I of M is > 2, then [/ is a proper submodule of B^, and so u is not a generator. 
Suppose M is a singleton {/?} with 7r(/3) = /j. Say /xq 7^ (the proof is similar if fi p 7^ 
for some p G -^1,3). If 13 = 0, then £> M is 1-dimensional and we see that the proof is 
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trivial. Assume that i 3 > 0. For p G ii,3, k,m G Z, take 7 fc = fccr p . Then by (3.25)-(3.26), 
7fe G ker^. By (3.36), we have 

[x^\x p ] = -kfx p x^ +(k+1)ap + (1 + k)nox l3+hap G («>, (3.41) 

[x 7m - fc , [x 7fc ,x /3 ]] 
= -kfi p (-{m - k)/i p x^ m+2)ap + (1 + m - fc)At x /3+(m+1)CTp ) 

+ (1 + k)no(-(m - k)fi p x >3+( - m+1 ' > ' 7p + (1 + m - k)fi x /3+map ) G (u). (3.42) 

From (3.41) and (3.42), one deduces that 

/ +m7p G (u) for m G Z. (3.43) 

For a G ker^, we see that a — {k + 1)<t p G ker^, and by (3.36), 

= ( a i + kS P , q )fi q x a « +a+ P + (1 - k - 0)/2)/i a; a+/3 G (u). (3.44) 

ge.fi, 3 

Comparing the coefficient of fc, we obtain 

m p = /j p x ap+a+ P - /j x a+ P G (w> for p G Ji )3 . (3.45) 
Note that since n(a) = 0, (3.2) and (3.25)-(3.26) imply 

#(a,0)= ^ a p = 2^a p , (3.46) 

peJi,3U/4,s pe/1,3 

By (3.45), the right-hand side of (3.44) becomes 

u p + fi x a+ P. (3.47) 

p£h,3 

This shows that x a+l3 G (u) for all a G ker,,.. Since £> M is spanned by such elements, u is 
a generator of B^. 

The proof of (2) is similar. (3) is obvious by (3.29). □ 

4 Main Theorem 

In this section, we shall present the main theorem on isomorphism classes of the contact 
Lie algebras. 
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We assume that F is algebraically closed in this section. Denote by M mxn (F) the space 
oimxn matrices with entries in F and by GL m {¥) the group ofmxm invertible matrices 
with entries in F. Define 

G p = {( 1 ~ a + K^F, fe^oj for pehUh, (4.1) 

Gq = { ( 1 'b b ) 1 ° ^ b G F } for g G J 2 , (4.2) 

and denote 

G = {diag(6 , <?i, <? t3 ) G GL 1+2t3 (F) \0^b e¥, 9i e G{\. (4.3) 

Define H to be the set of (1 + 2i 3 ) x (£ 4 + £ 5 ) matrices of the form 
fh \ 

h = I hi I , where /i G M lx(€4+4) (F), ^ G M 2€ix(€4+4) (F) and (4.4) 

/io = if Jo = N and hi = (h Pjq ) with hi v , q = — ^2p-i,g for p G ii. (4.5) 
Define F to be the group of invertible matrices of the form 

/ = ( B ) ' Where A e GL ^( F )' 5 G G^bCF), C e M £4X£5 (F). (4.6) 
Define a subgroup of G ? L 1+2t6 , 
C" = GJ 

1+246 ^ To = {0}, or otherwise 

0" = {(op,,) G GJ 1+2t6 (F) I ]T ai i9 = 0, ]T a Pi , = 1, a p>1 = (4.7) 

q=2 q=l 



for p G 2,2i 6 + 1}. 

Denote by l n the n x n identity matrix. Now we define the group 

f (9 h \ 
G'=l\of e^i^ec, fceif, /ef[. (1.8) 

{ \ 1^+4+24 / 

Let 5^ be the permutation group on the index set I (cf. (2.5) and (2.6)). Define the 
subgroup 

S = {v G Sf I v(h) = h, i/(J 2 ) = h, v(h) = h, v\ lA6 = Id /46 and 
i/(0) = if J = N}. 



For v G S, a G F 1+2t6 , we define 



^ (ao,^!),^,...,^),^^) if i/(0) = 0, 
v'(a) otherwise, 
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where 

v' eS such that i/(0) = 0, z/'(z/ _1 (0)) = v(0), v'\i\{ u -i( )} = Ha{" _1 (0)}- (4.11) 
Moreover, for g' G Q' and v G S, we define the group automorphism g' v of F 1+2t6 by 

i/(«£(a)) = (a^, a^a^Jg' if i/(0) = 0, and (4.12) 

1 11 

Kfiv(a)) = (^ p -a p ),a 1 ,a-,...,a p ^ 1 ,a p - =T ,--^(a,0)-a ,--i9(a,0) + ao, 

a p+1 ,a-^,...,a L3 ,a l3 ,a l45 ,a Ji5uj6 )g' if p = i/ _1 (0) G ii, (4.13) 

where a G F 1+2t6 and the multiplication in the above is the vector-matrix multiplication. 
Define 

Q = W» I sf ^g',ve S}. (4.14) 
Then Q is a subgroup of additive automorphism of F 1+2tf3 . 

Let JC(£', a', V, J') be another Lie algebra defined in Section 2. We shall add a prime 
on all the constructional ingredients related to fC(£', a', V, J') except that we use the same 
symbol x; for instance, A', £[, l[, etc. 

Theorem 4.1. The two Lie algebras fC(£, a, T, J) and £(£', a', V, J') are isomorphic 
if and only if (£, J) = (£', J') and there exists r G Q such that V = r(T). 

Proof. First we prove the sufficiency Assume that (£, J) = (£', J') and there 

exist a group isomorphism r = g' u G Q such that V = t(Y). We shall define an isomor- 
phism 6 : K(£,a,r,J) -> K{£' ,a',r',J'). To do this, we shall first find the images of 
some elements (see (4.30)-(4.32)). Denote 

P = diag(2, (I 1 ), (I 1 )) G M (1+2t3)x(1+t3) , (4.15) 

P' = diag(P, - WJ e M (1+t3+t6)x(1+t6) . (4.16) 

By (4.8), 

/«? h \ 

I / , where 5 = diag(6 , #1, # t3 ) with (4.17) 
\ 1^+4+24 / 

*=( 1 ;'" 1 ;^).*=(S 1 1/" ) <« 8 > 

for pe /1U/3, g G J2, and /i is of the form (4.4) and / is of the form (4.6). We shall take 
b = 1 if r = {0} without loss of generality. For convenience, we write g' as g' = (g' p ^ q ) 
where p,q G J. Denote 

c p = J29p,<i for ^ G J- ( 4 - 19 ) 
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Note that if T ^ {0}, we have c p = 1 for p E J. In general, we have 

Cp — 1 = ~(cp-l) for pe V (4.20) 

Denote 

D = (0, -ci + 1, -ca + 1, -c tB + if G M (1+t5)xl , (4.21) 

where the up-index "T" means the transpose of the matrix. By (4.4) and (4.5), we can 
write h as the form 

h = Pti for some ti E M (1+t3)x( ^ +4) (4.22) 
(cf. (4.15)). Also we have 

(J ^ P' = P'g' for some g> E GL 1+L5 (4.23) 

(cf. (4.16)). Denote 

9 = diag(^i, ...,g L3 ), where g p = b p g p x . (4.24) 
For convenience, we denote 

t = (to, —tj, h, — % h, —ti 6 , ti e )- (4-25) 

For a subset K of J, we denote by t K the vector obtained from t by deleting —t p , t q for 
p, q E J\K. For instance, 

*{T,2,2} = Ht,-*2,*2). (4.26) 

Denote the vectors 

= (l,X- ,71 ,...,X- ,Tl 3 5X -^3 + l' 1 [Ii+^ ) ... )a; -^5' 1 [T5]) (4.27) 

(cf. (3.6)) and 

S = (t ,t 1 ,t T ,..., t 03 ,t l3 ,t i3+1 , x-*** 1 ' 1 ^ , t L5 , x-**' 1 ™, t tB+ i, t^+r, t t6 , t l6 ). (4.28) 

Case a: First assume that z/(0) = 0. Note that (4.12) guarantees 

r(a p ) = a u(p) for p E T h3 . (4.29) 
We shall find the image of (. To do this, in A', we define 

s = Mo + v(x~ a )D, s Jh3 = iy(t' Jl3 )g + E, (4.30) 

*7 4 , 5 = (•'• "')/,./ ' + v{{x~ a '\ 3 )K (4.31) 
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Shuie = t' hul6 , s h =t' h B T , s l6 =b t' 76 , (4.32) 

(cf. (4.10)), where 

D = (g'r l D, h = -diag(5 , 61, bj^ti ' f~\ (4.33) 

(cf. (4.22) and (4.23)) and where E will be determined later in (4.56). We shall define s 
to be the image of (. Expressions (4.30)-(4.32) are motivated from (4.43). 

Let 

A = J2^p ( 4 -34) 
P =i 

be the subgroup of V generated by {a { \ i E 1, l 5 } (cf. (2.15)). Define x : A ^ F x to be 
the homomorphism from additive group to the multiplication group of nonzero elements 
of F determined by 

X(o-p) = b o \, X(°q) = bo 1 for P e h,3, Q e h,5- (4.35) 

We want to prove that x can be extended to a homomorphism x '■ T — > F x . Suppose 
that A is a maximal subgroup of T containing A such that x can be extended to a 
homomorphism x '■ A — > F x . Assume A^T. We take an element a G L \ A. Set 

A' = Za + A. (4.36) 

If Za fl A = {0}, then we extend x by 

X(ma + /3) = x(/3) for m G Z, /3 G A. (4.37) 

If Za fl A = Zna, we take an nth root a of x( na (recall that F is algebraically closed) 
and extend x by 

X(ma + (3)= a m x(P) for m G Z, /3 G A. (4.38) 

It is straightforward to verify that x : A' — > F x is a group homomorphism. This leads 
to a contradiction with the maximality of A. So x can be extended to a homomorphism 
X : T — > F x . Take any such extension. 

Noting that x a,t = x a 's\ where a' p = a p , a' q = a q — iq for p G J\h,5 : q G I^, we define 
the linear space isomorphism 9 : A — > .4' by 

0(xV) = ^(a)^/ for (a,i)erxj. (4.39) 

Claim 1. 9 is a Lie algebra isomorphism, i.e., 

9([x\\x^]) = [0(xV),0(A J )] for (a,t), ((3 J) eTxJ. (4.40) 
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Case a.l: First suppose b = 1. From (2.29), we have 

[u, v • w] = [u,v] • w + v • [u, w] + 2do(u) ■ v ■ w for u, v, w e A. (4-41) 
By (4.39), we have 

9{u ■ v) = 9{u) ■ 9(v), 6(d (u)) = d (9(u)) for u, v e A. (4.42) 
Thus it suffices to verify 

9([x a ,x?\) = [9(x a ),9(x% 6([, p ,x a }) = [9(, p ),9(x a )}, 9([, p ,, q ]) = [% P ),%,)], (4.43) 
for all a,[3 eT, p,q e I 3 U h fi U I 2 ,e and p, q ^ if J = {0}. 
By (2.10) and (3.36), we have 

x a v+a+( 3 + ((2 _ ^ 0))/3o _ ao(2 _ ^ )))a; a+/3 , (4.44) 



where 



«{p,p} 













(4.45) 



( r (")){p,?5} 



is a 2 x 2 determinant. Moreover, by (3.36), (4.12) and (4.39), we get 
[9{x a \9{x^)\ = x(«M0)(£ 

p€h,3 

+ ((2 - 0( T (a), 0))(r(/3)) - (r(a))„(2 - tf(r(/3), 0)))x' r(a)+r{/3) ) 

^ p +a + /3 + ((2 _ ^ 0))/3q _ ao(2 _ ^ Q)))^) 

(4.46) 

because (4.18) implies that the determinant of g p is \g p \ =b p = x( a p) (°f- (4-35)) and 



= <>(£ 

= 9([x a ,x /3 \) 



a {p,p} 
@{p,p} 



( T («)){P,P} 
i T ((3)){ P ,p} 



a {p,p} 
ft{p,p} 



\h p \ 



a {p,p} 
/3{ P ,p} 



= xivp + a + P) 
and (4.7), (4.12) imply 

■d(r(a), 0) = i?(d!, 0) if r 7^ {0}, and (r(a)) = &o«o = «o- 
This proves the first equation of (4.43). 



(4.47) 



(4.48) 



Recall the notations (2.11) and (4.26), and J C F 1+2i6 (cf. (2.18)-(2.20)). As 1 x 2 
matrices, 

[t{ P ,Ph x "\ = (["*„, ^ a ]> K x a \) = oc {p , p] x^ +a for pel. (4.49) 
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Now we verify the second equation in (4.43). If T ^ {0}, we have 

[9(t ),9(x a )\ = X (a)[s ,x^]=x(a)[t' ,x^\ 

= x(a)(2(r(a)) x a ^ - (2 - 0(r(a), 0))x T ^) 

= 0([t o ,x a }) (4.50) 

by (3.1) and (4.48). If T = {0}, we have 

[e(t ),e(x a )} = x(a)[t' + u(x-nD,x^] 

= x (a)(-2 + 0(r(a), 0) + v{r{a))j M P'b)x^ 

= x(a)(-2 + $(a,0))x T ^ = 6([t ,x a }) : (4.51) 

(cf. (4.16), (4.21), (4.23), (4.30) and (4.33)) by noting that 

^)h, 3 uu,P'D = n., ; /; . ( J; h f ^P>D = aj i3Ul4 P>g'D 

= a J^h, 5 P>D = ^(r(«),0)-^(a,0), (4.52) 

where the last equality follows from the definition of -#(a:,0) and by (4.12). If p e h, by 
(4.30), we have s p = b p t'-^ if T ^ {0} or s p = b p t'-^ (modF) but [F, x a ] = if T = {0}. 
Thus 

[e(t ¥ ),e(x a )\ = x («)h^ T(a) ] 



(p) 



X 



T(a)l 



-x(a p + a)(r(a)) uip) x^ +T ^ 

-x(a p + a)a p x a ^ +T ^ = 6([t p ,x a }). (4.53) 



Similarly, for p E I3, we have 

[e(t {pm ),e(x a )} = x(a)[s {p , p} ,x >T(a) ] 



= x(^W {u{p) ^ } ,x ,T{a) }b p g p 1 

= x(«)& P (r(a)) Mp) ^ } , p - 1 x'<^) + ^ ) 

= x(a)bp a {P,p} x ' a ' v{v)+T{a) 



= X(« + cr p )a {P:P} x' " 
= 6(a {m x a +^) 

= 9(\t {m ,x a \). (4.54) 
Furthermore, [t hu j 6 ,x a } = for a E T. We have gP = Pdiag(6 , -As) by (4.15), (4.17) 
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and (4.18), and 

[%7 4 , 5 ),0(* Q )] = X(a)[s 745 ,x^} 

= x(«)((r(a)) /4 , 5 /- 1 + a Ji3 gPh)x^ 
= x(a)a h5 x T{a) 
= 0{a^x a ) 

= 0{[^x a \) (4-55) 
by (4.12), (4.22), (4.27), (4.31) and (4.33). This proves the second equation of (4.43). 

Now we take E = if r ^ {0} and in general take 

E = 2- 1 D T [v(x-°) T , "(t'jj]g e M lx(1+2t3) (4.56) 

(cf. (4.24) and (4.33)), where [i/(aT <r ) T , v(t' Jl 3 )} G M (1+tB)x(1+2t3) . Note that if J + {0}, 
then by (4.5), h = 0, and by (4.30)-(4.32), 9([t , q p \) = = [9(t ), 9(q p )} for pE? 3 U I 5fi U 
7 2 , 6 if T ^ {0}. If r = {0}, we have 9([t , q p \) = = [9(t ), 0(<r p )] for p6/ 4 U J 5 , 6 and 

[0(fo), 0(f *,,)] = [t' + D T u(x-n T , vtfjJg+E] = -2E+D T [u(x-n T , ^t' Ji a )]g = (4.57) 
by (4.30) and (4.56). For p G ^3, we have 

= ^([(^}) T J{ P ,P}])- (4-58) 
By (4.31) and (4.32), we also have 

[e(t h f,e(, 75 )] = B[(t' l5 f,(x-') h ]B- 1 = i £5 = e([(t h ) T ,, l5 }). (4.59) 

Similarly, we can prove other identities. Therefore, the last equation in (4.43) holds. This 
proves Claim 1 in this case. 

Case a. 2: Suppose b ^ 1. Multiplying r by an element of Q of the form in Case a.l, 
we can suppose v = Idf and g' = diag(6 , 1, 1, ...,1,1). Then it is straightforward to verify 
that (4.39) defines an isomorphism. 

Case b: Assume that u(0) = p ^ 0. Then (4.9) shows that J = {0} and p G I±. By 
multiplying r by an element of Q of the form in Case a, we can suppose z/(0) = p, v{p) = 
and HaM = ^A{p> an< ^ 9* = li+2t6- I n this case ^ ^ s straightforward to verify that 

9 : x al i-> x T{a) -^ :% (4.60) 
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is an isomorphism A — > A'. 

"=>" Suppose that 9 : A — > -4/ is a Lie algebra isomorphism. We consider the 
following cases. 

Case 1. T ^ {0} and F' ^ {0}. 

Note that (3.32) and (3.33) show that £> F /£> N has dimension l 3 . Thus we have 

t 3 = 4. (4.61) 

By the definition in (2.13), we have 

a p = a p for p E0^~ 3 . (4.62) 
By Lemma 3.3, there exists a bijection t\ : 7r(r) — > 7r'(r") such that 

6{B ll )=ff nW for/xe^r). (4.63) 

Denote 

r , 3 = {a G T | (n(a)) ?i 3 = 0}. (4.64) 
By (4.63) and Lemma 3.5, there exists a bijection r : r\r 0)3 — > r^rj, 3 such that 

#(:r Q ) = c a a; r(a) for a G r\r , 3 and some c a G F\{0}. (4.65) 

Claim 2. There exists a bijection z/ : ii j3 — > 3 such that 

^( x - CT f ) = d p x- a »w for p G fi )3 and some d p G F\{0}. (4.66) 

By (3.10)-(3.11) and Lemma 3.4, we have 

{u G B F | [u, Ai] = 0} = Span{oT^ | p G h, 3 } = {u e B F \ [u, A 2 ] = 0}. (4.67) 
Thus by Lemma 3.2, 

{u G B F | [«, „4 N ] = 0} = Span{x- CTp | p G Ji, 3 }. (4.68) 

If l 3 = 0, by (4.61) and (4.68), there is nothing to prove. Assume that l 3 > 0. Suppose 
p G I 1>3 . By (2.15), e [0] G T for some e G F\{0}. By (3.36), 

[ x e lo]-« PjX -m] = -2ex~ ap . (4.69) 
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Noting that e [0] - a p , -e [0] £ r , 3 , by (4.66), 6(x e ^^) G ¥x a , d(x- e w) G Fx 13 for some 
a,(3eT'\ T' 03 (cf. (4.64)). We have 

[x a , x?} = («A - a q f3 q )x^ a ^ + ((2 - tf(a, 0))/3o - a (2 - 0)))z Q+/3 (4.70) 

(cf. (3.36)). By (4.68), 0(x _<T ") G E^/j , Far<T *- We claim that 6(x-°*) G U^gFaT"'. If 
not, then by (4.69) and (4.70), there exist q,r G i| 3 with q ^ r such that <x 9 + a:+/? = —a r , 
that is, /3 = —a — a q — ay. If q,r ^ 0, then (4.70) becomes 

[x a , x 13 } = (a q (l — otq) — ctq(l — a q ))x~ ar + (a r (l — a-) — a-(l — a r ))x~ aq 

= (a q - a q )x~ ar + (a r - a ¥ )x~ aq , (4.71) 

with a q — a q , a r — a- ^ 0. We obtain that [x a , [x a , x 13 }} = 2(a q — a q )(a r — a-)x a ^ 0, 
which contradicts the fact that [x e i°i~ ap , [x e w~ a v , x~ e ^}] =0. If q ^ 0,r = 0, then (4.70) 
becomes 

[a;*, x 13 } = (a q - «g) - 2aox- a \ (4.72) 

with ai ? — a q ,a ^ (cf. (3.6)). So we have [i*,x^]] = —Aa (a q — ag)a; a ^ 0, which 
again contradicts the fact that [x e w~^, [x e ^~^, x~ e ^]] = 0. Thus #(ar CT f) G U ge?i 3 FaT ff «. 
Now consider 0(1^). By (2.15), a[i] G T for some a G F\{0}. Then 

[x a w~ a \x~ a w} = al A . (4.73) 

As proved above, we have 9(1 a) G U ^ a Frr~°" 9 . This proves the claim. 

Now we consider the following subcases. 
Case l(i): u(0) = 0. 

Then J = Jq since 1^ or l^r is a<i-semisimple if and only if J = {0} or Jq = {0} 
respectively. For p G ii, 3 , by (2.15) and (2.16), we can fix e p G F\{0} such that r\ v = 
(e p ) [p] G T. Then r} p <£ r , 3 . 

Claim 3. 

(r(v P ))u(q) = for p G h, 3 , q G Ji, 3 , q ^ P,P- (4.74) 
For p, g G 11,3, applying to [rr~°" p , rr T ' 9 ] = — 5 Pyq e q x Vq , we obtain 

rf P (( r (^)W) ~ ( r (^))7(rt) = ~ S P,q e P for J i,3 (4.75) 
by (4.65) and (4.66), Applying 6 to [x Vp , x Vq ] = and using (4.75), we obtain 

= (j(ri P )) v{q) (T(r] q ))^ - (r(^))^y(r(^)) Kg) = -(r(r] p )) u{q) e q , (4.76) 
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for p, q G ii i3 , p 7^ q. The above two equations show that (4.74) holds for p, q G ii )3 with 
q 7^ p,p. In the same way, from [1^, x Vp ] = 0, we obtain {t(i] p )) = 0. Thus (4.74) holds 
for p G Ii j3 . Similarly, we can prove that (4.74) holds for p — 0. 

Claim 4. r can be uniquely extended to a group isomorphism r : T — > T' such that 
t(ct p ) = ^(p) for p G ii, 3 . 

For any a G T with a,a + 1] r ,3 (cf. (4.64)), we have 

c vo+a (2a - e (2 - 0)))x r ^ +a ^ 
= 6{[x r '\x a }) = c m c a [x T ^\x T{a) ] 

= c Vo c a ((2 - 0(T(ifc),O))(T(a)) o - (T(ijb)) (2 - ^(t(77o),0)))^^W, (4.77) 
which implies 

T{ Vo + a) =T( Vo ) + T{a), (4.78) 

if a satisfies 

a, a + 770 i r , 3 and 2a - e (2 - 0)) 7^ 0. (4.79) 

For a, (3 G T such that a, f3, a + f3 ^ r ,3, we have 
M- a ¥ (3 p )c ap+a+ px T ^ +a+ V 

p£h,3 

+((2 - ■&((*, 0))A) - « (2 - 0)))^+^^) 
= £ (Wo))^)^- (r(«))^r(^)„( P ))x^ + ^ 

+ ((2 - 0(r(a), 0))(r(/3)) - (r(a))„(2 - tf(r(/3), 0)))^+^) (4.80) 

by applying to (3.36). Assume that all a, a + 770, 2a, 2a + rjo satisfy (4.79). Taking 
P = Vo + ot in (4.80) and using (4.78), we see that all terms in (4.80) vanish except the 
last terms in the both sides. Thus we obtain 

r{2a) = 2r(a), (4.81) 

if (4.79) holds for a, a + 770, 2a, 2a + 770 and 2 — $(a, 0) 7^ 0. Since we can replace 770 by 
kr] for any ^ k G Z, (4.81) holds for all a G r\r , 3 with 2 - tf(a, 0) 7^ 0. 

Denote 

E = {aGr\r 0i3 |2-%,0)^0}. (4.82) 
Now take a, /3 G T such that 

«,/?,« + /3g S and (2 — &(a, 0))/3 - «o( 2 - 0)) 7^ 0. (4.83) 
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Then (4.80) implies that 



T (a + (3) = r{a) + t{(3) + k^a p , where 

_ ^ (4.84) 
few = 0) i suc h that 2^ fc^ = 0, 1. 

pe/1,3 



We claim that r(a + (3) — r(a) + t{(3) if a, /3 G E and if the pairs (a, (3), (2a, 2(3) satisfy 
(4.83). Assume that fcjjj, = 1 for some q G 7 13 . Then we obtain 

r(2a) + t{2(3) + ^ k^ 2p a p = r(2a + 2(3) = r(2(a + (3)) = 2r(a + (3) 

= 2(r(a)+r(P)+ £ k®a p ), (4.85) 
pe/1,3 

from this we obtain /4a 2/3 = ^^i^ > 1> which is a contradiction to (4.84). 
For any a, (3 G E, we can always choose 7 G E such that the pairs 

(a + A 7 ), (2a + 2(3, 2 7 ), (a, /3 + 7), (2a, 2/3 + 2 7 ), 7), (2/3, 2 7 ) (4.86) 
satisfy (4.83). Hence 

r(a + (3) + r( 7 ) = r(a + (3 + 7) = r(a) + t((3 + 7) = r(a) + t{(3) + r( 7 ), (4.87) 
which gives rise to 

T(a + [3)=r(a) + T(f3). (4.88) 

In this way, we can also prove r(ct + /3) = r(a) + r(/3) for all a, (3 G r\r 0>3 such that 
G r\r ,3. Since any element 7 G T can be written as 7 = a+(3 for some a, f3 G r\r ,3, 
this shows that r can be uniquely extended to a group isomorphism r : T — > V such that 
r(o-p) = o v{v) for p G fi >3 . 



Claim 5. There exists 5 = diag(6 0) fi , i ) •••,5 , t 3 ) G GL 1+2o3 , where 



(4.89) 



such that 

u(r{a))j i3 = a Ti3 g and tf(r(a),0) = #(a, 0) for a G T, (4.90) 

(cf. (4.10)). 

Using the fact that r is a group isomorphism and applying 6 to 

= 2a x a , [x~^,x a ] = (a p -a p )x a , (4.91) 



25 



[x a , x -<*] = -4a , [x a , x- a - a "} = (a p - a p ) - 2a x~^ (4.92) 
for a G r\r ,3 and p G ii i3 , we obtain 

2a = 2(r(a)) d , a p - a p = rf p ((r(a))^j - (r(a)) jy(p) ), (4.93) 

-4a d = -4(r(a)) c Q c_ a , -2a d p = -2(r(a)) c Q c_ Q _ (Tp , (4.94) 

(a p - a p )d = c a C- a - ap {{T{a)) v{p) - (r(a))^) (4.95) 

for a G r\r 0i3 and p G ii ;3 . Comparing the coefficients of rc c M J >)+ T ( Q! )+" r (/ 3 ) i n (4.80), we 
obtain 

(a p [3 p - a p p p )c ap+a+l3 = c a cp{(T(a)) u(p) {r(P))^- (r(a))^y(r(/3)) Kp) ), (4.96) 

((2 - #(a, 0))A> - "o(2 - 0)))c Q+/3 
= c aC/3 ((2 - #(r(a), 0))(r(/3)) - (r(a)) (2 - 0(r(/3), 0))), (4.97) 

((! - "pX 1 - /%) - (1 - "pX 1 - (3 P ))c-<j p - a -f3 
= c_ a _ ap c_^ ap ((l - (r(a)) 1/(p) )(l - (r(/3))^y) 

W)W))), (4-98) 

— a— /9— 2<t p 

= c_ a _ <Tj( c_ /3 _ ffj( (-7?(r(a),0)(r(/3))o + (r(a))o7?(r(/3),0)) (4.99) 

for a,0,a + (5 G r\r 0)3 , where (4.98) and (4.99) are obtained from (4.96) and (4.97) 
through replacing a and (5 by —a — a p and —f3 — a p , respectively. Set (3 = r\ p in (4.96). 
By (4.74), (4.75) and the second equation in (4.93), we obtain 

-a p e p c ap+Vp+a = c r)p c a ((T(a)) v{p) (-d~ 1 e p + (t(t] p )) u{p) ) 

-(d-\a p - a p ) + (T(a)) u(p) )(T(r) p )) v(p) ) 
= - d p lc v P c ^ P {r(a)) u{p) + (a p - a p )(T(r) p )) u{p) ), (4.100) 

if a, a + rj p G r\r 0)3 . Set (3 = rj p in (4.99) and note that $(%,, 0) = e p . We obtain 

a e p c_2 ( T P -r )p -a = C- (Tp - r)p C- (Tp - a (T(a))o'd(T(r] p ), 0) if a, a + r} p G r\r 0)3 - (4.101) 

Assume that a ^ 0, which implies a, a + r\ p G r\r 0)3 . By the first equation in (4.93) 
and the second equation in (4.94), we have c ap+r)p+a C-2a p -r]p-a = c a c_ ffp _ Q = d Q d p . Since 
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r]p is fixed for each p, (4.100), (4.101), the second equation in (4.93) and the fact that 
r(<7 p ) = 0"„(p) enable us to deduce 

((r(a)) v(p) , (r(a))^) = (a p , % ) ( 1 " ° p 1 " ^" ^ ) (4.102) 

for p G ii 5 3 and some a p , b p G F with 6 p 7^ 0, where the matrix is denoted as g p in 
(4.18). Since r is a group isomorphism, (4.102) must hold for all a G T. Note that the 
determinant \g p \ = b p 7^ 0. We also have 

(r(a)) = ^o^O) where 6 = g?q 1 7^ 0, (4.103) 

by the first equation in (4.93). This proves the first equation in (4.90). 

Now we have 



(4.104) 



d P \g P \ = 1, 

c Q c_ a = dl if a 7^ 0, 

c a c-a p - a = d d p if a ^ 0, 

c CTp +a+/3 = c a C0 if a p (3p - a p (3 p 7^ 0, 
by (4.93), (4.94) and (4.96), where a, /3,a + /3 E r\r 0)3 . From this one can deduce that 
X '■ r\ro,3 — > F x defined by x( a ) — b$c a can be uniquely extended to a multiplicative 
function x '■ T — > F x . Then by (4.103) and (4.97), we obtain the second equation of 
(4.90). 

Claim 6. We claim that v(I k ) = I' k for k = 1, 2, 3. 
So suppose 63 > 1. Take 

M = Span{x a I a G r\r , 3 , a = 0}, (4.105) 

M x = {u eA\[u,M]c B} 

= B + Span{x Q '\ x p * \ a = a h5 , \i\ = 1, (3 = (3 h5 ,j = j huJe> }, 

M 2 = B + {ue Mi I [x~° p , u] = for p G fi, 3 } 

= B + Spanjrr^M , | a = a Ufi ,q G 7 4)5 , /3 = (3 Ii5 ,j = j/ 5U j 6 }, 

.A/f( p ) = B + {u G Mi I u] = 0} for p G fi >3 . (4.108) 



(4.106) 
(4.107) 



Then M2 is a Lie algebra and .Mi is a A^-module such that M^f is a submodule for 
V £ A, 3- Note that the quotient module Mi/M{ is zero if p G ii, is a cyclic A^2-module 
(with generator tp) if p G ^2, and is not cyclic (with two generators t p ,tp) if p G I3. 
Applying 9 to the above sets, we obtain 

{v{h),v{h),v(h)) = (I[,I' 2 ,Q and so (4,4,4) = (444)- ( 4109 ) 
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Claim 7. In (4.102), a p = if p G I 2 . 
Assume that p6l 2 . Write 

0(tp) = K(p)+ h n 3 xP 3 for some 6 ' 6 /3 3 e ¥ - 

We have 

a p c ap+a x^ + ^ = 9([x a ,t m ]) = [9(x a ),e(t m )} = c a b(r(a)) u(p) x^ + ^ + (4.111) 

where missed terms do not contain x T<Q - )+<Tl '( J >} . Thus by (4.102), we obtain 

a p c ap+a = c a b((l - a p )a p + a p a p ). (4.112) 

By (2.15), we can choose a G (Fl^j fl T)\{0}, then (4.112) proves the claim. 

This proves (4.1)- (4. 3). 

By (3.9), (3.11) and Lemma 3.2, we have 
e( x -^m) e A' F c Span(A / U A' 2 ) 

= ¥x ~ ap + ^~ ap ' lm + Span(^), (4.H3) 

for p G 7^5 . Thus, 

*(0OO = (K^)?,;^^')^/ (mod Span(A' 2 )) (4.114) 
(cf. (4.27)) for some 

h = (op,,) G M (1+t / )x( ^ 4+4) and / = (&„,,) G GL u + th . (4.115) 

Claim 8. 

Op,, = if p G J' 2 , 3 or p = 0, J' Q ± {0}, (4.116) 

6 p> , = 0forpe4ge/ 4 . (4.117) 

(4,4) = (44), ^ = ^- ( 4 - n 8) 

Recall (3.35). Denote 

CU(C(B)) = G „4| [u,C(#)] = 0}, (4.119) 

the centralizer of C(B). By (3.35), we note that x~ 2ap G C(B) for p G h,b- It is straight- 
forward to verify 

{t p | p G h U / 2 , 3 } C CU(C(B)) C Span{^ ? | ?j 4 g = 0}, (4.120) 
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and t ^ Ca(C(B)) if J 7^ {0}. For p G ii ;3 , (4.120) implies that a,d x -<r p \c A (c(B)) is 
semisimple if and only if p G ii or p = 0, J = {0}, and ad -^.i^ |c^(C(e)) is semisimple 
for g G 7^5 by (4.120). Moreover, by (3.1), for q G 1^, ad -* q ,i [in is semisimple if and only 
if q G I4. We obtain (4.116) and (4.117). In particular, (4.117) and the definition of er in 
(2.13) imply (4.118). 

For any a G T, we denote 

a = (2a„, ar - ai, «i 3 - a w ) = aj^-P e F 1+t3 (4.121) 

(cf. (4.15)). For a G r\r , 3 , applying to 

-a lAJ x a = [{x-°) h ^x% (4.122) 

(cf. (3.17) and (4.27)), using (4.65), (4.66) and (4.114), and noting that [A' 2 ,B'\ = 0, we 
obtain 

= c a {v{^) Tli h-{T{a)) h J)x^ 

= c a (u((r(a))jjPh-(r(a)) h J)x^ (4.123) 

(cf. (4.121)). This gives 

(T(a)k, 6 = a h J + a Ji3 h with / = f~\ h = gPhf' 1 , (4.124) 

for all a G r\r 0i3 and thus for all a G V since r is an isomorphism, where 

g = diag(6 , gi, g t3 ) G GL 1+2t3 (4.125) 

(cf. (4.102) and (4.103)). Clearly / and h are of the forms in (4.4) and (4.6), respectively. 
Assume that £q = £' 6 , then this proves that r has the form g' v in (4.12), and (4.90) implies 
that g' G Q" (cf. (4.7)), and thus the theorem is proved in this case. It remains to prove 

Claim 9. 4 = t' 6 . 

Recall (4.105) for the definition of M. By (3.1) we see that the centralizer of M. in A 

is 

C = C A {M) = Span{^ ? | a = a Ufi , i = i huJe }. (4.126) 

The center of C is 

V = C{C) = Span{:r a ' 1 \ a = ai 45 ,i = which is a domain ring. (4.127) 
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By exchanging positions of A and A' if necessary, we can suppose £ 6 < £' 6 . Note that in C, 
the formula (1.1) holds. By the proof of sufficiency, there exists an embedding 9 : A — > A' 
such that 

9(x a ) = c a x a , 0((O/ 4 , S ) = ("{x-'hjh + (x~ a 'h' 4 J for a G T (4.128) 

(cf. (4.31), (4.39), (4.114), and noting that the proof of Claim 5 shows that xi a ) = ^o c « 
is a multiplicative function). Thus by identifying A with 9(A), we can assume that A is 
a subalgebra of A' such that there exists isomorphism 6 satisfying 

9( x a ) = x a , 9(x~' Tp ' 1 w) = x-^m (mod Span(A' 2 ) ) for aeT,pe J 4i5 . (4.129) 

By restricting 9 to C, we want to prove 

9(tp)=tp + c p , for p G -Z5 and some c p G F, (4.130) 

9(x a h>)=x a \[(9(t p )) i v\[(9(t q )y« for a = ,i = i h , j = jj 6 , (4.131) 

To prove (4.130), first by (4.127), we have c p = 9(t p ) -t p E V. Then by (4.129), we have 

\x- aq > l w,c p } = 9([9- 1 (x- a < ! ' 1 w),t p \) - [x~ a ^,t p ] = 0, (4.132) 

from which, we obtain that c p G F. Thus we have (4.130). Similarly, we have 

9(x a ' 1 ip]) = x a {t p + c a!P ) for peh and some c a>p G F. (4.133) 

By considering [x a ,t p t p ], we see that c a:P = c p , and obtain 

9(t p t p ) = (t p + c p )t p + u p for p G -Z5 and some u p G Cj^iV'). (4.134) 

From this and (4.130), we can deduce 

9(x a ' 1 w) = x a (t p + c p ) for p G h. (4.135) 

Similar to (4.134), we have 

0( x -*p> 1 l P ]+ 1 lv]) = x-vp' 1 ® (t p + c p ) + u' p for p G h and some u' p G C A ,(V). (4.136) 

Now from (4.130), (4.133)-(4.136), we can obtain (4.131) by induction on \i\ in case j = 0. 

Assume that (4.131) holds for all j with \j\ < n, where n > 1. We denote by X a ^j 
the difference between the left-hand side and the right-hand side of (4.131). Then the 



30 



inductive assumption says that X a ^j — if \j\ < n. Now suppose \j\ = n. Say j r > 1 for 

— — * — * 

some r G Iq (the proof is similar if r G Let k = j — l[ r ] + l^. Then we have 
mr),X aM ] = 9([t r ,x a ¥])-9([t r ,9'\x a )]) Hm p )y? H(9(t g )) k « 

peh q€J6 

-x a [9(t r ),l[(9(t p )yr>ll(9(t q )) k <} 

= (j r+ l)(9(x a ¥- 1 ^)-x a Y[(9(t p )y*> H(9(t q )) j "- 5 "-) 

= Ur+l)X a -j_ llr] =0, (4.137) 

where the first equality follows from (1.1), and the second equality follows from (1.1) and 
(4.129). By (1.1) and (4.137), we obtain 

WllKd = = 29(t r [t r ,9-\X)]) = 0. (4.138) 

On the other hand, exactly similar to (4.137), we have 

mr),X aM ]=2(j ¥+ l)X aJ j. (4.139) 

Now (4.138) and (4.139) show that X a ^ = 0. This proves (4.131). By (4.130), (4.131) 
and identifying V with V using the isomorphism, we see that 9 is an associative algebra 
isomorphism C — > C over the domain ring V. From this we obtain £ 6 = £' 6 since 2£ 6 is the 
transcendental degree of C over the domain ring D. 

Case l(ii): Suppose z/(0) ^ 0. 

Claim 10. J' = {0}. 

Take 

r = (i 1+2t6 ) I/ -i(r'), (4.140) 

and define a Lie algebra A = IC(£, a, G, J). Denote 

£ = Span{x a ' ? G B\ij i3 = 0}. (4.141) 
Similarly, we have £ and £'. Clearly 

£ = /C(n, a, T, J) with n = (t 3 , 0, 0, £ 4 , 4, 0). (4.142) 
Thus by the sufficiency, there exists 

9 :£' = £ which maps x' a ^ ^ x~ ap for p G Ji )3 . (4.143) 
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Also we have 



£ = the span of common eigenvectors of a.d x -<r P for p G (4.144) 

Thus 

e' = 9\ £ :£ = £' maps x~ ap i-> 2T CT "M for p G ii, 3 . (4.145) 

Therefore 9" = 9 ■ 9' : £ = £ which maps rr~°" p i— > rr~°" p for p G ii^. By the proof of Case 
l(i), there exists g' of the some suitable form in (4.17) (with the corresponding sets J 2 , h 
being empty) such that 9" is determined by t" = g' M : T = T. Thus g' v : V = T'. For 
simplicity, we assume = l 1+2l6 ,u(0) = p ,v(p ) = and v\i\{p } = Id|/\{ Po } (the proof 
is similar in general). For a G T, we denote a' = r"(a). Then 

1 1 1 

a o = 2 ("po ~~ a po)> «p = _ 2^ a ' °' ) ~~ a °' = _ 2^^' °' ) + a °' a ' p = " p ' ( 4 - 146 ) 

for p ^ 0,p ,p , and 

^( X Q ) = x a '-°ni for a G T. (4.147) 
Suppose Jq 7^ {0}. Then we have p G / 2 as in the proof of Claim 6. Write 

e- 1 (Q=bx-' T *>' 1 to>]+ b p3 xP3 - (4.148) 

If bp j 7^ for some f3 Fcr po , then we can find some a G T with a po = ctp such 
that [x a ,xP'i] ^ 0. But by (4.146), [t' ,x a '^o] = 0, which leads a contradiction. Thus 
(3 G F<t Po . Similarly, we have j = if j 7^ 0. Thus (4.148) can be rewritten as 

9-\Q = + J^ft^w. (4.149) 

ieiF 

For any a G T with a = and a Po 7^ a Po , applying ad^ to (4.149), we obtain 

-2«;r 1 (/-^. 1 [o]) _ $( a ',0)x a 
= 9~ 1 (-2a' x a '- ap "' 1 w - tf(c/, 0)x a '- CT «') 
= r 1 ([x«'-^o,^]) = [^,r 1 (*' )] 

= 6((a po - a^X' 1 !*.] + V a ) - ^ ift^ - c^)^* 1 ^ . (4.150) 
Thus 

-2«^~ 1 (x a '- ap o' 1 [o]) 

= -2a' bx a '^o] + {a po b + ${a',0))x a + 2a' J2 ib i xa+{i+1)apo - ( 4 - 151 ) 
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Applying to (4.151) (note that t"(<7 Po ) = — a Po by (4,131)), we obtain 

-8a'l(bx- <Tp °' 1 W + kx iapo ) ~ 2«o(4 + tf(a', 0))x~ a ™ 

= Sa'le- 1 ^) - 2a[,(4 + tf(c/, 0))aT CTj> » 

= -2«^- 1 (4a[ ) t , + (4 + ^(a / ,0)) 

= -2a' 6-\ [x- a ' +a *>° , x a '- ap oM ] ) 

= [x- a - 2a ™, -2a^~ 1 (a; Q '- <T ™' 1 M)] 

- - -2a' b(-2{a P0 - a^x'^m + (-« po + 2)aT ff *o) 

-2(a W) 6 + ^(a',0))(a P() -apja;-^' + 2a(,^i(i - l)h(a po - a Po )x iap °. (4.152) 

Comparing the coefficients of x~ ap o , we obtain that 

4 + tf(c/, 0) = 6(2 - a P() ) - 2(a po 6 + $(a', 0)), (4.153) 

holds for all a G T with a = 0,a Pi) ^ a P() . This is impossible. Thus J' = {0}. This 
proves Claim 10. 

By Claim 10, we also have J = {0} and p G I±. Thus by the sufficiency, there exists 
isomorphism 9 : A' = A which extends 9 : £' = £. Then 9 ■ 9 is an isomorphism A = A 
such that the corresponding v is the identity map, and so by Case l(i), there exists g' G Q' 
such that g' id is a group isomorphism r = T. Thus g' v : F = V is a group isomorphism as 
required. This proves the theorem in this case. 

Case 2: T = T' = {0}. First assume that l 3 > 0. Using Lemma 3.5(2), we have (4.65) 
and as in Claim 2, there is a bijection v : J 1>3 — > I[ 3 . By (4.80) (where now a = (3 = 0), 
we can suppose as in (4.84), 

r(a + P + <n) = r(a) + t(/3) + a u{1) + ^ fc SK(?) "^(i))' ( 4 - 154 ) 

Then as proved before, we have k^p = 0, and so 

r : a r(a - ai) + a^d), (4.155) 

can be uniquely extended to a group isomorphism r' : T — > T' such that r(a) = r'(ai) + 
r'((Ti) — (7^(1). To see how the proof is similar as before, we assume that c a = 1 in (4.65), 
v = Id/ 13 (the general case can be obtain by multiplying 9 by an element g' v G {?). For 
convenience, take a, (3 G T n (Fl^ + Fl^). We have 

[ x « >a ^] = («!/%- a T /3i)a; a+/3+,T1 . (4.156) 

33 



Thus 

(((/(a))! + (rVi))i + l)((r'(/3)) T + (r / (<7i)) T + 1) 

-((t») t + (t>i)) t + l)((r' + (rVi))i + l^M+'W^)-^ 
= [x T> (q)+t ' (cti ) , x T ' (/3)+T ' (cti ) ~ ai ] 

= (a 1 p I -aMx T '^ +T '^ +2T '^-' Tl . (4.157) 

Fixing a and comparing the coefficients, since r' is a group isomorphism, (t'(/3))i, (t'(/^))t 
must linearly depend on From this we obtain (r'(a 1 )) 1 + 1 = = (t'(o"i))i + 1- In 

general we can obtain r'(<7i) = o\. Hence r' = r. The rest of the proof is exactly the same 
as before except that we do not have the second equation in (4.90) since «o = j3o = in 
(4.97). Thus we have the first case of (4.7). This proves the theorem in this case. 

Next assume that t 3 = 0. If £4 + £ 5 = 0, there is nothing to be proved (cf. (4.120)). 
Assume that £4 + £ 5 > 0. Then by Lemma 3.5(3), we have (4.65) for all a G T. The rest 
of the proof is again similar as before. 

Case 3. T ^ {0} and V = {0}. 

Using Lemma 3.5(1) and (2), as the proof in Case 1, there exists a bijection r : 
T\ro,3 r'\ro3 such that 9(x a ) G ¥x T ^ for a G r\ro,3, and there exists bijection 
v : I\$ — > I' 13 such that 6(x~ ap ) G ¥x^ av M for p G h^. Then as proved before, we see 
that (r (a)) ^(o) and (r(o;))^y only linearly depend on a . This is impossible by the second 
condition of (2.15). Thus this case does not occur. □ 
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